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Abstract

We introduce a new regularized nonnegative matrix factorization (NMF) method for supervised single-channel source separation
(SCSS). We propose a new multi-objective cost function which includes the conventional divergence term for the NMF together
with a prior likelihood term. The first term measures the divergence between the observed data and the multiplication of basis and
gains matrices. The novel second term encourages the log-normalized gain vectors of the NMF solution to increase their likelihood
under a prior Gaussian mixture model (GMM) which is used to encourage the gains to follow certain patterns. In this model, the
parameters to be estimated are the basis vectors, the gain vectors and the parameters of the GMM prior. We introduce two different
ways to train the model parameters, sequential training and joint training. In sequential training, after finding the basis and gains
matrices, the gains matrix is then used to train the prior GMM in a separate step. In joint training, within each NMF iteration the basis
matrix, the gains matrix and the prior GMM parameters are updated jointly using the proposed regularized NMF. The normalization
of the gains makes the prior models energy independent, which is an advantage as compared to earlier proposals. In addition, GMM
is a much richer prior than the previously considered alternatives such as conjugate priors which may not represent the distribution
of the gains in the best possible way. In the separation stage after observing the mixed signal, we use the proposed regularized cost
function with a combined basis and the GMM priors for all sources that were learned from training data for each source. Only
the gain vectors are estimated from the mixed data by minimizing the joint cost function. We introduce novel update rules that
solve the optimization problem efficiently for the new regularized NMF problem. This optimization is challenging due to using
energy normalization and GMM for prior modeling, which makes the problem highly nonlinear and non-convex. The experimental
results show that the introduced methods improve the performance of single channel source separation for speech separation and
speech–music separation with different NMF divergence functions. The experimental results also show that, using the GMM prior
gives better separation results than using the conjugate prior.
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. Introduction

.1. Motivation and literature review

Nonnegative matrix factorization (Lee and Seung, 2001) is extensively used in source separation applications,
specially when only a single observation of the mixed signal is available. The observed mixed signal can be a mixture
f: multiple speaker signals (Schmidt and Olsson, 2006), multiple musical instrument signals (Helén and Virtanen,
005; Wang and Plumbley, 2006), speech and music signals (Grais and Erdogan, 2011a,c,d; Nakano et al., 2011; Raj
t al., 2010), and speech and noise signals (Wilson et al., 2008b). In NMF based single-channel source separation,
MF uses the training data for each source to train a set of nonnegative basis vectors. After observing the mixed signal,
MF is used again to decompose the mixed signal as a weighted nonnegative linear combination of the trained basis
ectors of all sources together. The estimate for each source is found by summing the decomposition terms that include
he corresponding trained basis vectors.

To improve the performance of NMF, there have been many works that aim to encourage the NMF decomposition
eights to satisfy certain characteristics of the nature of the source signals to be estimated. In Virtanen (2007),

ontinuity and sparsity priors were placed on the decomposition weights. In Bertin et al. (2009), and Bertin et al.
2010), harmonicity and smoothness were enforced in Bayesian NMF and applied to music transcription. In Wilson
t al. (2008b), regularized NMF was used to impose statistical structure for each audio frame. It was also used in Wilson
t al. (2008a) in addition to modeling frame-to-frame temporal structure. In Cichocki et al. (2006), and Chen et al.
2006), different constrained NMF algorithms were used for different applications. In Fevotte et al. (2009), regularized
MF with Itakura-Saito (IS-NMF) divergence was introduced with Markov chain prior models for smoothness within
Bayesian framework. The conjugate prior distributions on the NMF weights and basis matrices solutions with the
oisson observation model within Bayesian framework was introduced in Virtanen et al. (2008). In Virtanen et al.
2008), the Gamma distribution was used as a prior for the basis matrix and the Gamma Markov chain (Cemgil and
ikmen, 2007) was used as a prior for the weights/gains matrix. In Virtanen and Cemgil (2009), a mixture of Gamma
rior model was used as a prior for the basis matrix.

.2. Overview of the proposed algorithm

In this work, we propose a new regularized NMF algorithm that incorporates the statistical characteristics of the
ource signals to steer the optimal solution of the NMF cost function during the separation process. The new algorithm
akes better use of the available training data of the source signals to improve the separation performance. We define
new regularized cost function where the regularization term is the log-likelihood of the log-normalized gain vector
nder a prior Gaussian mixture model.

In supervised source separation problems, there is a training stage and a separation stage. In the training stage, we
ssume we have training data for each source which we use to learn the characteristics of each source first. In the
eparation (testing) stage, we observe a mixed signal and try to estimate each source in the mixed signal. Conventional
se of NMF in supervised source separation is to decompose the magnitude or power spectra of the training data of
ach source into a trained basis matrix and a trained gains or “weights” matrix. In previous works, the columns of the
rained basis matrix are usually used as the only representative model for the training source signals and the trained
ains matrix was usually ignored. The columns of the trained gains matrix represent the valid weight combination
atterns that the columns in the basis matrix can jointly receive for a specific type of source signal. A prior distribution
an represent the statistical distribution of the gains vector in each column of the gains matrix and model the correlation
etween the entries. The prior model guides the NMF solution to prefer valid gain patterns during the separation stage.
e use a multivariate Gaussian mixture model (GMM) as a prior model for the gains vector for each frame of each

ource. The GMM is a rich model for capturing the statistics and the correlations of the valid gain combinations for
certain type of source signal. GMMs are used extensively in speech recognition and speaker verification to model
he multi-modal nature in speech feature vectors due to phonetic differences, gender, speaking styles, accents (Rabiner
nd Juang, 1993) and we conjecture that the gains vector can be considered as a feature extracted from the audio signal
n a frame so that it can be modeled well with a GMM. The columns of the trained gains matrix for each source are
ormalized by the �2 norm, and their logarithm is taken and used in the prior GMM. In the proposed method, the
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trained basis matrix and its corresponding gains prior GMM are jointly used as a representative model for the training
data for each source.

The training can be performed either in two steps sequentially, or all the parameters can be learned using joint training.
In sequential training, we first learn the basis and gains matrices using conventional NMF for each source from the
corresponding training data and then fit a GMM to the log-normalized gains vectors obtained in the previous step.
In joint training, we learn both the NMF matrices and the GMM parameters using coordinate descent (or alternating
minimization) on the proposed regularized cost function directly. Jointly training the NMF and the prior models
simultaneously is a novel idea introduced in this paper. In joint training, trained basis matrix is also changed since the
gains matrix is enforced to satisfy the NMF equation guided by the GMM prior, so that the trained models are more
consistent with the GMM prior assumption. For this reason, we use sequential training for initialization of the model
parameters, but eventually use joint training of the model parameters in this work.

In the separation stage, regularized NMF is used to decompose the magnitude or power spectra of the observed
mixed signal as a weighted linear combination of the columns of trained bases matrices for all source signals that
appear in the mixed signal. The decomposition weights are encouraged to increase their log-likelihood with their
corresponding trained prior GMMs using the regularized cost function.

1.3. Comparison with earlier work

Previous studies mostly focused on enforcing temporal continuity and sparsity of the gains matrices (Schmidt and
Olsson, 2006; Virtanen, 2007; Bertin et al., 2010; Fevotte et al., 2009). One other study used a Gaussian prior for the
gains in NMF (Wilson et al., 2008b). Wilson et al. (2008b) analyzed a limited case where the energy level for each
source in the mixed signal is the same as the energy level with its corresponding training data. Moreover, Wilson et al.
(2008b) assumed each source signal in the mixed signal has the same energy level. The single mode nature of the
Gaussian distribution may limit the performance of the work in Wilson et al. (2008b) for realistic audio data which
has a large variation. In addition, the used update rules for regularized NMF problem in Wilson et al. (2008b) do not
handle the nonnegativity in a systematic fashion.

In our work, we handle energy differences between training and test data by using the logarithm of the normalized
gains in the prior model and also consider a mixture model as a prior which represents the statistical nature of audio
data in a much better way. Furthermore, our update rules for the solution of the regularized NMF problem handle
the non-negativity constraints and the non-convex prior in an efficient manner. In addition, we show the importance
of the regularization parameters which control the trade-off between the NMF divergence function and the prior
log-likelihood. Finally, we show a comparison between conjugate prior and GMM prior for the gains matrix.

1.4. Organization of the paper

The remainder of this paper is organized as follows. In Section 2, a mathematical description of the single-channel
source separation problem is given. In Section 3, we give a brief explanation about the different types of NMF cost
functions and introduce the proposed regularized NMF. In Section 4, we show the training processes of the NMF bases
models and the GMM prior gain models for the source signals. In Section 5, the separation process is described in
detail. In the remaining sections, we present our observations and the results of our experiments.

2. Problem formulation

In single-channel source separation problems, the main aim is to find estimates of the source signals that had been
mixed in a single observation y(τ). This problem is usually solved in the short time Fourier transform (STFT) domain
because spectral power or magnitude is considered to be a more stable representation of audio signals than the time
domain representation. Let Y(t, f) be the STFT of y(τ), where t represents the frame index and f is the frequency-index.
Due to the linearity of the STFT, we have:
Y (t, f ) =
Z∑

i=1

S(i)(t, f ), (1)
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here S(i)(t, f) is the unknown STFT of source i in the mixed signal, and Z is the number of sources in the mixed signal.
he phase angles of the STFT were usually ignored in source separation literature since the magnitude spectrum

s convenient to work with and provides sufficient accuracy in separation performance (Helén and Virtanen, 2005;
irtanen, 2007). Hence, we follow this convention and consider spectral magnitude as the representation of any audio

ignal in this paper. We can approximate the magnitude spectrum of the measured signal as the sum of source signals’
agnitude spectra as:

|Y (t, f )| ≈
Z∑

i=1

|S(i)(t, f )|. (2)

We can write the magnitude spectrograms |Y(t, f)| and |S(i)(t, f)| in a matrix form, where the columns represent the
ime index t and the rows represent the frequency index f as follows:

Y ≈
Z∑

i=1

S(i), (3)

here S = {S(1), . . ., S(i), . . ., S(Z)} are the unknown magnitude spectrograms of the source signals, and need to be
stimated using the observed mixed signal and training data for each source. The columns of the magnitude spectrogram
or the observed signal Y is obtained by taking the magnitude of the DFT of the windowed signal.

The main idea to solve for S is to use the magnitude spectra of the training data to train a set of nonnegative basis
ectors b for each source. After observing the mixed signal, the estimate of each frame s̃

(i) for each source i is found
y decomposing its corresponding frame of the magnitude spectra of the observed mixed signal y as a nonnegative
eighted linear combination of the trained set of nonnegative basis vectors b for all sources as follows:

y ≈
Q(1)∑
q=1

g(1)
q b(1)

q︸ ︷︷ ︸
s̃

(1)

+ · · · +
Q(i)∑
q=1

g(i)
q b(i)

q︸ ︷︷ ︸
s̃

(i)

+ · · · +
Q(Z)∑
q=1

g(Z)
q b(Z)

q︸ ︷︷ ︸
s̃

(Z)

, (4)

here b(i)
q is the trained basis vector number q for source i, and g(i)

q is the gain that basis vector b(i)
q gets in the mixed

ignal, and Q(i) is the number of trained basis vectors for source i. The nonnegativity constraint for the gains and
ases ensures that the summation terms for each source will be nonnegative as they should be since they represent
agnitude spectra. The nonnegativity constraints are considered to yield useful and meaningful representation of real
orld data as well (Lee and Seung, 1999; Cichockiy and Georgiev, 2003). In this work, the combination of the gain
alues g(i) = [g(i)

1 , . . . , g(i)
q , . . . , g

(i)
Q ]T are jointly encouraged to increase their log-likelihood with the trained gain prior

MM for each source i.

. Nonnegative matrix factorization

Nonnegative matrix factorization is a matrix factorization algorithm with nonnegativity constraints. A nonnegative
atrix V can be decomposed into a nonnegative basis vectors matrix B and a nonnegative gains matrix G as follows:

V ≈ BG. (5)

The columns of matrix B contain nonnegative basis vectors that are optimized to allow the data in V to be approx-
mated as a nonnegative linear combination of its constituent vectors. To solve for matrix B and G, a variety of
ost functions can be used. The most used cost functions in source separation are the generalized Kullback–Leibler

KL–NMF) divergence cost function (Lee and Seung, 2001):

min
B,G

DKL(V ||BG), (6)
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where

DKL(V ||BG) =
∑
j,n

(
V j,n log

V j,n

(BG)j,n
− V j,n + (BG)j,n

)
,

and the Itakura–Saito (IS–NMF) divergence cost function (Fevotte et al., 2009):

min
B,G

DIS(V ||BG), (7)

where

DIS(V ||BG) =
∑
j,n

(
V j,n

(BG)j,n
− V j,n

(BG)j,n
− 1

)
.

These divergence cost functions were found to work better for audio source separation, and they are good measure-
ments for the perceptual differences between different audio signals (Fevotte et al., 2009; Jaureguiberry et al., 2011;
Wilson et al., 2008b).

The KL–NMF solutions for Eq. (6) can be computed by alternating multiplicative updates of B and G as in Virtanen
(2007):

B← B⊗
V

BG
GT

1GT
, (8)

G← G⊗ BT V
BG

BT 1
, (9)

where 1 is a matrix of ones which has the same size as V , The IS–NMF solutions for Eq. (7) can be computed by
alternating multiplicative updates of B and G as shown in Fevotte et al. (2009), and Jaureguiberry et al. (2011):

B← B⊗
V

(BG)2 GT

1
BG

GT
, (10)

G← G⊗
BT V

(BG)2

BT 1
BG

, (11)

where the operation ⊗ is an element-wise multiplication, all divisions and (·)2 are element-wise operations.
In source separation applications, it is important to note that KL–NMF is used with matrices of magnitude spec-

trograms (Virtanen, 2007; Grais and Erdogan, 2011c), but IS–NMF is used with matrices of power spectral densities
(Fevotte et al., 2009; Jaureguiberry et al., 2011). In case of using IS–NMF, the magnitude spectra in Eqs. (2)–(4) are
replaced by power spectral densities (PSDs). We continue our explanation in general using KL–NMF and we will
mention the differences in case of using IS–NMF later.

3.1. The proposed regularized nonnegative matrix factorization

The goal of regularized NMF is to incorporate prior information on the solutions of the matrices B and G. In this
work, we enforce a statistical prior on the solution of the gains matrix G only. We need the solution of G in Eq. (5) to
minimize the KL-divergence cost function in Eq. (6), and the log-normalized columns of the gains matrix G, namely
log g
‖g‖2 , to maximize their log-likelihood under a trained GMM prior model. Hence, the solution of G can be found

by minimizing the following regularized KL-divergence cost function:
C = DKL(V ||BG)− αL(G|θ), (12)

where L(G|θ) is the log-likelihood of the log-normalized columns of the gains matrix G under the trained prior gain
GMM with parameters θ, and α is a regularization parameter. The regularization parameter controls the trade-off



b
p

w
t
p
t

0
n
s
d

w

a
c
f
o

w

w
c

w

E.M. Grais, H. Erdogan / Computer Speech and Language 27 (2013) 746–762 751

etween the NMF cost function and the prior log-likelihood. The multivariate Gaussian mixture model (GMM) with
arameters θ = {wk, μk, �k}Kk=1 for a random variable x is defined as:

p(x|θ) =
K∑

k=1

wk

(2π)d/2|�k|1/2
exp

{
−1

2
(x− μk)T �−1

k (x− μk)

}
, (13)

here K is the number of Gaussian mixture components, wk is the mixture weight, d is the vector dimension, μk is
he mean vector and �k is the diagonal covariance matrix of the kth Gaussian model. In this section, we assume GMM
arameters θ are given. We will mention the training of θ in Section 4. In this paper, the normalization is done using
he �2 norm by modeling log g

‖g‖2 .
The reason for using the logarithm is because GMM is usually a better fit to the logarithm of the values between

and 1 due to wider support as observed in tandem speech recognition research (Wessel et al., 2000). The reason for
ormalization is to make the prior models insensitive to the change of the energy level of the signals, which makes the
ame prior models applicable for a wide range of energy levels and avoids the need to train a different prior model for
ifferent energy levels. The log-likelihood for the gains matrix G with N columns can be written as follows:

L(G|θ) =
N∑

n=1

log
K∑

k=1

Ak,n(θ), (14)

here

Ak,n(θ) = wk

(2π)(d/2)|�k|1/2
exp

{
−1

2

(
log

gn

||gn||2
− μk

)T

�−1
k

(
log

gn

||gn||2
− μk

)}
, (15)

nd gn is the column numbered n in the gains matrix G. The multiplicative update rule for the basis matrix B for the
ost function in Eq. (12) is the same as in Eq. (8). To find the multiplicative update rule solution for G in Eq. (12), we
ollow the same procedures as in Virtanen (2007), and Bertin et al. (2010). We express the gradient with respect to G

f the cost function ∇GC as the difference of two positive terms ∇+GC and ∇−GC as:

∇GC = ∇+GC − ∇−GC. (16)

The cost function is shown to be nonincreasing under the following update rule (Virtanen, 2007; Bertin et al., 2010):

G← G⊗ ∇
−
GC

∇+GC
, (17)

here the operations ⊗ and division are element-wise as in Eq. (9). We can write the gradients as:

∇GC = ∇GDKL − α∇GL(G|θ), (18)

here∇GL(G|θ) is a matrix with the same size of G. The gradient for the KL-cost function and the prior log-likelihood
an also be divided as follows:

∇GDKL = ∇+GDKL − ∇−GDKL, (19)

∇GL(G|θ) = ∇+GL(G|θ)− ∇−GL(G|θ). (20)

We can rewrite Eqs. (16) and (18) as:

∇GC = (∇+GDKL + α∇−GL(G|θ))− (∇−GDKL + α∇+GL(G|θ)). (21)

The final update rule in Eq. (17) can be written as follows:

G← G⊗ ∇
−
GDKL + α∇+GL(G|θ)

∇+GDKL + α∇−GL(G|θ)
, (22)
here

∇GDKL = BT

(
1− V

(BG)

)
, (23)
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∇−GDKL = BT V

(BG)
, (24)

and

∇+GDKL = BT 1. (25)

The row j and column n component of the gradient of the prior log-likelihood in Eq. (14) can be found as follows:

(∇GL(G|θ))jn = (∇+GL(G|θ))jn − (∇−GL(G|θ))jn, (26)

where

(∇−GL(G|θ))
jn
=
∑K

k=1

{
−Ak,n(

∑
kjj

)−1
(

�kj

gjn
+ gjn

‖gn‖2
2

log
gjn

‖gn‖2

)}
∑K

k=1Ak,n

, (27)

(∇+GL(G|θ))
jn
=
∑K

k=1

{
−Ak,n(

∑
kjj

)−1
(

�kj
gjn

‖gn‖2
2

+ 1
gjn

log
gjn

‖gn‖2

)}
∑K

k=1Ak,n

. (28)

Since the GMMs are trained by log-normalized columns, we know that the values of the mean vectors μ are always
negative. The values of the vectors g are always positive, so the values from Eqs. (27) and (28) will be always positive.
We can use Eqs. (24), (25), (27), and (28) to find the total gradients in Eq. (21) and then to derive the update rules for
G in Eq. (22). The initialization of the matrix G is done by running one regular NMF iteration without any prior.

4. Training the source models

In the training stage, we aim to train a set of basis vectors for each source and a prior statistical GMM for the gain
patterns that each set of basis vectors can receive for each source signal.

4.1. Sequential training

Given a set of training data for each source signal, the magnitude spectrogram S
(i)
train for each source i is calculated.

The NMF is used to decompose S
(i)
train into basis matrix B(i) and gains matrix G

(i)
train. The gains matrix G

(i)
train is then

used to train the prior GMM for each source. KL–NMF is used to decompose the magnitude spectrogram into bases
and gains matrices as follows:

S
(i)
train ≈ B(i)G

(i)
train, (29)

B(i), G
(i)
train = argmin

B,G
DKL(S(i)

train||BG).

After finding the basis and the gains matrices, the corresponding GMM parameters θ(i) are then learned as follows:

θ(i) = argmax
θ

L(G(i)|θ). (30)

We use multiplicative update rules in Eqs. (8) and (9) to find solutions for B(i) and G(i) in Eq. (29). All the matrices
B and Gtrain are initialized by positive random noise with uniform distribution in the range (0, 1]. In each iteration,
we normalize the columns of B(i) using the �2 norm and find G

(i)
train accordingly. After finding matrices B and Gtrain

for all sources, all the basis matrices B are used in mixed signal decomposition as it is shown in Section 5. We use

the gains matrices Gtrain to build statistical prior models. For each matrix G

(i)
train, we normalize its columns and the

logarithm is then calculated. These log-normalized columns are used to train a gain prior GMM for each source in Eq.
(30) using the well-known expectation maximization (EM) algorithm (Dempster et al., 1977).
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.2. Joint training

In Section 4.1, the trained NMF basis and gains matrices for each source are found using Eqs. (8) and (9), and then
he prior gain GMMs are trained using the logarithm of the normalized columns of the trained gains matrix. To match
etween the way the trained models are used during training with the way they are used during separation, we jointly
rain the basis vectors and the prior models simultaneously to minimize the regularized cost function:

(B(i), G
(i)
train, θ

(i)) = arg min
B,G,θ

DKL(S(i)
train||BG)− αtrainL(G|θ). (31)

We use the trained NMF and GMM models from Section 4.1 as initializations for the source models, and then
e update the model parameters by running alternating update (coordinate descent) iterations on B(i), G

(i)
train and θ(i)

arameters. At each NMF iteration, we update the basis matrix B(i) using update rule in (8) while keeping G(i) fixed,
nd the gains matrix G

(i)
train is updated using update rule in (22) while keeping B(i) and θ(i) fixed. We use a fixed value

or the regularization parameter αtrain during training. The new gains matrix is then used to train a new GMM with
ts parameters θ(i) using the EM algorithm initialized by the previous GMM parameters. By repeating this procedure
t each NMF iteration during training, the basis matrix is learnt in a consistent way with the clustered structure of the
ains matrix due to the usage of the GMM priors. Since the original NMF problem is non-convex and there may be
any possible local minima, we conjecture that the prior term encourages an NMF solution which is more consistent
ith the GMM prior assumption of the gains matrix.

.3. Determining the hyper-parameters

The hyper-parameters in our model are the number of basis vectors d, number of mixtures K, and the regularization
arameter αtrain. In addition, during testing, we may use different α parameters for each source depending on the
nergy ratios of source signals (speech-to-music or male-to-female energy ratios in our experiments) which yields
etter results than using fixed values as we explain in Sections 5 and 6.

These hyper-parameters, especially α value(s), may be learned using a fully Bayesian treatment by putting priors
n them and using the evidence framework or the integrate-out method (MacKay, 1999). For Bayesian learning of
umber of mixtures in the GMM and the number of basis vectors, one needs to use nonparametric Bayesian methods of
irichlet process mixtures (Ferguson, 1973) and Bayesian nonparametric NMF (Blei et al., 2010) which enable variable
umber of mixtures and NMF basis components respectively. This overall Bayesian treatment is possible since the
ivergence cost functions DKL and DIS can be seen as negative log-likelihood functions that depend on parameters of
he NMF decomposition under the probabilistic interpretations of NMF (Cemgil, 2008; Fevotte et al., 2009). However,
ayesian solutions involve highly complicated computations due to sampling techniques and are pretty cumbersome

o implement. We consider these approaches as out of scope for this paper and leave them as future work. Thus, we
ake the conventional approach of determining these parameters using grid search on validation data. Basically, we
erform different experiments with a range of reasonable values for each of these hyper-parameters and choose the
alues that provide the best results on validation data.

. Signal separation

After observing the mixed signal y(τ), the magnitude spectrogram Y of the mixed signal is computed using STFT.
o find the contribution of every source in the mixed signal magnitude spectra, we use KL–NMF to decompose the
agnitude spectra Y with the trained bases matrices B that were found from solving Eq. (29) as follows:

(1) (i) (Z)
Y ≈ [B , . . . ,B , . . . ,B ]G. (32)

Let B = [B(1), . . ., B(i), . . ., B(Z)]. The only unknown here is the gains matrix G since the matrix B and the trained
MM parameters � = {θ(1), . . ., θ(i), . . ., θ(Z)} were found during the training stage and they are fixed in the separation



754 E.M. Grais, H. Erdogan / Computer Speech and Language 27 (2013) 746–762

stage. The matrix G is a combination of submatrices, and every column n of G is a concatenation of subcolumns as
follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G(1)

.

.

G(i)

.

.

G(Z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g
(1)
1 . . g(1)

n . . g
(1)
N

. . . . . . .

. . . . . . .

g
(i)
1 . . g(i)

n . . g
(i)
N

. . . . . . .

. . . . . . .

g
(Z)
1 . . g(Z)

n . . g
(Z)
N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (33)

where N is the maximum number of columns in matrix G, and g(i)
n is the column number n in the gain submatrix

G(i) for source signal i. Each submatrix represents the gain combinations that their corresponding basis vectors in the
bases matrix have in the mixed signal. For the log-normalized columns of the submatrix G(i) there is a corresponding
trained gain prior GMM. We need the solution of G in Eq. (32) to minimize the KL-divergence cost function in Eq. (6),
and the log-normalized columns of each submatrix G(i) in G to maximize the log-likelihood with its corresponding
trained gain prior GMM. Combining these two objectives, the solution of G can be found by minimizing the following
regularized KL-divergence cost function as in Eq. (12):

C = DKL(Y ||BG)− R(G|�), (34)

where R(G) is the weighted sum of the log-likelihoods of the log-normalized columns of the gain submatrices in matrix
G. For each log-likelihood of the gain submatrix G(i) there is a corresponding regularization parameter α(i) and GMM
parameters θ(i). R(G) can be written as follows:

R(G|�) =
Z∑

i=1

α(i)L(G(i)|θ(i)), (35)

where L(G(i)|θ(i)) is the log-likelihood for the submatrix G(i) for source i as in Eq. (14). The regularization parameters
play an important role in the separation performance as we show later. Each source subcolumns [g(i)

1 , . . . ,g(i)
n , . . . , g

(i)
N ]

in matrix G in Eq. (33) are normalized and treated separately than other subcolumns sets, and each set of subcolumns
is associated with its corresponding trained gain prior GMM.

The multiplicative update rule solution for G can be found using Eqs. (22), (24), and (25) as follows:

G← G⊗ ∇
−
GDKL + ∇+GR(G|�)

∇+GDKL + ∇−GR(G|�)
, (36)

where

∇GR(G|�) = ∇+GR(G|�)− ∇−GR(G|�), (37)

∇GR(G|�) is a matrix with the same size of G and it is a combination of submatrices as follows:

∇GR(G|�) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢

α(1)∇GL(G(1)|θ(1))

.

.

α(i)∇GL(G(i)|θ(i))

⎤⎥⎥⎥⎥⎥⎥⎥⎥ , (38)
⎢⎢⎢⎣ .

.

α(Z)∇GL(G(Z)|θ(Z))

⎥⎥⎥⎦
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nd ∇GL(G(i)|θ(i)) can be found for each source i using Eqs. (26)–(28).
Normalizing vectors in the prior models slightly increases the derivation complexity and the computational require-

ents of the multiplicative update rule of the gains matrix, but it is beneficial in situations where the source signals
ccur with varying energy levels. Normalizing the training and testing gain matrices gives the prior models the chance
o be applicable for any energy level that the source signals can take in the mixed signal regardless of the energy
evels of the training signals. It is important to note that, normalization during the separation process is done only for

aximizing the prior log-likelihood. The general solution for the cost function in Eq. (34) is not normalized. After
nding the suitable solution for the matrix G, the initial magnitude spectral estimate of each source i is found as
ollows:

S̃
(i) = B(i)G(i). (39)

.1. Reconstruction of source signals and spectral masks

We can directly use the initial estimated spectrograms of the source signals in Eq. (39) as the final spectrogram
stimate of every source, but the estimated spectra S̃ may not sum up to the mixture Y . We usually get nonzero
ecomposion error.

Y ≈
Z∑

i=1

S̃
(i)

.

Assuming noise is negligible in our mixed signal, the spectrogram of the source signals’ sum should be directly
qual to the spectrogram of the mixed signal. To achieve this, we use the initial estimates S̃ to build a spectral mask
Grais and Erdogan, 2011b,c; Grais et al., 2012) as follows:

H (i) = (B(i)G(i))p∑Z
j=1(B(j)G(j))p

, (40)

here p > 0 is a parameter and (.)p, and the division are element-wise operations. Note that elements of H ∈ [0, 1].
sing different p values leads to different kinds of masks. The value of p controls the saturation level of the ratio in

40). When p > 1, the larger component will dominate more in the mixture. At p =∞, we achieve a binary mask (hard
ask) which will choose the larger source component as the only component. In KL–NMF, p = 1 is usually used (Raj

t al., 2010, 2011; Virtanen and Cemgil, 2009; Nakano et al., 2011). These masks will scale every time-frequency
omponent in the observed mixed signal spectrogram in Eq. (1) with a ratio that determines how much each source
ontributes in the mixed signal such that

Ŝ(i)(t, f ) = H (i)(t, f )Y (t, f ), (41)

here Ŝ(i)(t, f ) is the final estimated STFT for S(i)(t, f) in Eq. (1) for source i, and H(i)(t, f) is the column t and row
entry of the spectral mask H (i) in Eq. (40). When p = 2 in Eq. (40) the mask H(t, f) can be considered as a Wiener
lter and Ŝ(i)(t, f ) can be seen as the minimum mean square error (MMSE) estimate for the STFT of source i (Fevotte
t al., 2009). As we can see, Ŝ(i)(t, f ) has the same phase angles as Y(t, f) since H is a real filter. After finding the
ontribution of each source signal in the mixed signal, the estimated source signal ŝ(i)(τ) can be found by using inverse
TFT of Ŝ(i)(t, f ).

.2. Signal separation using IS–NMF

In case of using IS–NMF rather than using KL–NMF, we only need to replace the gradients in Eqs. (23)–(25),
espectively with

∇ D = BT 1 − BT V
, (42)
G IS

BG (BG)2

∇−GDIS = BT V

(BG)2 , (43)
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and

∇+GDIS = BT 1
BG

. (44)

These gradients are used to find the update rules in Eqs. (22) and (36). It is also important to note that the gradients
in Eqs. (27), (28), and (38) will be the same in the IS–NMF framework. Training the bases in Section 4 is done by
using the IS–NMF update rules. The IS–NMF is used in training and separation stages with power spectral density
(PSD) matrices rather than using magnitude spectra as in the case of KL–NMF. In practice, we just use the squared

magnitude spectra as PSD estimates. By using IS–NMF, the value S̃
(i) = B(i)G(i) in Eqs. (39) and (40) is the PSD of

the source i. The spectral mask that is usually used in IS–NMF is the Wiener filter (Fevotte et al., 2009), which means
p = 1 in Eq. (40) since the values of the product B(i)G(i) in IS–NMF represent PSD estimates for the sources.

6. Experiments and discussion

We applied the proposed algorithm to two different problems: the first problem is speech–music separation, and the
second one is speech–speech separation. In each case, we tested our separation algorithm using both KL–NMF and
IS–NMF. This procedure results in four different sets of experiments. The spectrograms for the training and testing
signals were calculated by using the STFT: a Hamming window with 480 points length and 60% overlap was used
and the FFT was taken at 512 points, the first 257 FFT points only were used since the conjugate of the remaining
255 points are involved in the first FFT points. In case of using KL–NMF we chose the value of the spectral mask
parameter p = 1 in Eq. (40). In case of using IS–NMF we chose the Wiener filter to be the spectral mask in Eq. (40) as
in Fevotte et al. (2009).

Performance measurement of the separation algorithms was done using the signal to noise ratio (SNR) as in Virtanen
(2007), Virtanen and Cemgil (2009), and Radfar et al. (2010).

6.1. Speech–music separation

In this experiment, we used the proposed algorithm to separate a speech signal from a background piano music
signal. Our main goal was to get the clean speech signal from the mixture of speech and piano signals. We simulated our
algorithm on a collection of speech and piano data at 16 kHz sampling rate. For speech data, we used a male Turkish
speech data for a single speaker1. The data was recorded using a headset microphone in clear office environment.
The data contains 560 short utterances with approximate duration 4 s each. For training speech data, we used 540
short utterances, we used other 20 utterances for validation and testing with 10 utterances each. For music data, we
downloaded piano music data from piano society web site (URL, 2009). We used 12 pieces with approximate 50 min
total duration from different composers but from a single artist for training and left out one piece for testing. We trained
128 basis vectors for each source, which makes the size of each matrix B(speech) and B(music) to be 257× 128. The
simulated mixed data was formed by adding random portions of the test music file to the 20 speech utterance test
and validation files at a different speech-to-music ratio (SMR) values in dB. The audio power levels of each file were
found using the “audio voltmeter” program from the G.191 ITU-T STL software suite (URL, 2009). For each SMR
value, we obtained 20 mixed utterances this way. The first 10 mixed files for each SMR were used as a validation set to
choose the suitable values for regularization parameters. The other 10 mixed files were used for testing. The proposed
algorithm was run first on the validation set by using different values for the regularization parameters. We started with
very small value 0.0001 for the regularization parameters, and we gradually increased their values by a multiple of ten
as long as the SNR results had been improved, until the SNR started to decrease, then we searched close to the tried
values for the regularization parameters that gave the highest SNR. The suitable values of the regularization parameters
that were found using the validation set were then used on the test set. The shown results for all experiments are the

average SNR of the 10 mixed test utterances.

The suitable number of mixture components K was chosen by trying different values as we can see from Fig. 1. The
figure shows the SNR in dB of the estimated speech signal at SMR =−5 dB, with joint training of the source models

1 The speech data is available at http://students.sabanciuniv.edu/grais/DataSets/TurkishSpeech.

http://students.sabanciuniv.edu/grais/DataSets/TurkishSpeech
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ig. 1. The effect of changing the number of GMM mixture K for speech–music separation using KL–NMF at SMR =−5 dB,
(speech) = α(music) = 0.005, αtrain = 0.0001.

s shown in Section 4.2, with αtrain = 0.0001 for both sources, and α(speech) = α(music) = 0.005. We tried K∈ {4, 8, 16,
2}. We got slightly better results for K = 16. We fixed the value of K = 16 for all other experiments.

To show the performance difference between using sequential training in Section 4.1 and using joint training in
ection 4.2, we used KL–NMF with two different training cases. Table 1 shows the SNR of the separated speech signal
sing KL–NMF and sequential training for the source models. In this case, the regularization parameters αtrain = 0
or both sources. The second column shows the separation results of using NMF without using the GMM gain prior
odels in training and separation, which means the regularization parameters for separation α(speech) = α(music) = 0. In

he third column, we show the case where the same values for the regularization parameters improve the separation
esults for all SMR cases compared to using NMF without any prior information. If we know some information about
MR of the mixed signal or estimate it online, we can choose different values for the regularization parameters for
ach SMR case, that can lead to better results as we can see in the last three columns of the same table. In Tables 1–5,
he bold numbers are the best found SNR values and their corresponding regularization parameters are shown in the
ast two columns.

Table 2 shows the results with the same data as in Table 1 but with joint training for the source models. The second
olumn in Table 2 shows the separation results of using NMF without using the GMM gain prior models in training and
eparation, which means αtrain = 0, α(speech) = α(music) = 0 for both sources. In the third column, we show the case where
he same values for the regularization parameters improve the separation results for all SMR cases. In the last three
olumns of the table, better results based on better choices of the regularization parameters are shown assuming the
MR is known. The values of the regularization parameters during training stage are αtrain = 0.0001 for both sources in

he third and fourth columns in Table 2. We can see that the results of jointly training the models in Table 2 are better

han their corresponding results in Table 1 for the case of training the models separately.

Fig. 2 shows the signal to interference ratio (SIR) of the estimated speech signal for different cases. SIR is defined
s the ratio of the target energy to the interference error due to the music signal only (Vincent et al., 2006). The figure

able 1
NR in dB for the speech signal for speech–music separation using regularized KL–NMF with αtrain = 0 and different values of the regularization
arameters in testing α(speech) and α(music).

MR α(speech) = 0 α(speech) = 0.01 Best found values

B α(music) = 0 α(music) = 0.01 α(speech) α(music)

5 4.33 4.53 4.71 0.1 0.05
0 7.96 8.14 8.14 0.01 0.01
5 9.71 9.86 9.86 0.01 0.01
0 11.75 11.86 11.86 0.01 0.01
5 13.72 13.88 15.61 0.01 0.05
0 14.09 14.25 18.09 0.001 1
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Table 2
SNR in dB for the speech signal for speech–music separation using regularized KL–NMF with different values of the regularization parameters
α(speech), α(music) and αtrain = 0.0001 for the third and fourth columns.

SMR α(speech) = 0 α(speech) = 0.005 Best found values

dB α(music) = 0 α(music) = 0.005 α(speech) α(music)

−5 4.33 5.44 5.55 0.01 0.01
0 7.96 8.70 8.70 0.005 0.005
5 9.71 10.25 10.33 0.001 0.005

10 11.75 12.03 12.26 0.001 0.005
15 13.72 14.20 18.00 0.001 0.1
20 14.09 14.44 18.69 0.001 0.1

−5 0 5 10 15 205

10

15

20

25

30

SMR(dB)

S
IR

(d
B
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Source/Interference Ratio in dB

No prior
testing prior
training & testing prior

−

Fig. 2. The SIR for the case of using no priors during training and separation stages, the case of using prior only during testing, and the case of
using prior during training and separation stages.

shows in black color the SIR corresponding to the case of using no prior in the second column in Tables 1 or 2. The SIR
corresponding to the third column in Table 1 is shown in this figure in red color; in this case the priors were used during
separation without performing joint training. The blue line in this figure shows the SIR corresponding to the third column
in Table 2 where the joint training was applied with αtrain = 0.0001 for both sources and α(speech) = α(music) = 0.005. We

can see from Fig. 2 and Tables 1 and 2 that using joint training improves the performance of the separation process.
The shown values of the regularization parameters were selected based on the validation set. Since the joint training
of the source models gives better results than the sequential training, we used joint training for our other experiments.

Table 3
SNR in dB for the speech signal for speech–music separation using regularized IS–NMF with different values of the regularization parameters
α(speech) and α(music).

SMR α(speech) = 0 α(speech) = 0.5 Best found values

dB α(music) = 0 α(music) = 0.5 α(speech) α(music)

5 3.66 4.19 5.09 0.5 0.1
0 8.02 8.51 8.81 0.5 0.1
5 10.54 10.62 10.62 0.5 0.5

10 12.64 12.84 12.84 0.5 0.5
15 16.45 17.02 18.55 0.1 1
20 16.80 17.28 19.13 0.1 1
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Table 4
SNR in dB for the male speech signal for speech–speech separation using regularized KL–NMF with different values of the regularization parameters
α(male) and α(female).

MFR α(male) = 0 α(male) = 0.01 Best found values

dB α(female) = 0 α(female) = 0.01 α(male) α(female)

−5 1.23 1.38 1.61 0.1 0.01
0 4.05 4.44 4.44 0.05 0.05
5 6.04 6.48 6.64 0.01 0.1

10 7.23 7.61 10.03 0.01 10
15 7.88 8.17 14.51 0.01 10
2
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0 8.14 8.48 19.12 0.01 10

Table 3 shows the results with the same data in Table 2 with the same values of αtrain but using IS–NMF with Wiener
lter as a spectral mask.

We can see from the last three columns in both Tables 2 and 3 that, at low SMR we get better results when the
alues of α(speech) is slightly higher than their values at high SMR. This means, when the speech signal has less energy
n the mixed signal, we rely more on the prior model for the speech signal. As the energy level of the speech signal
ncreases, the values of the speech prior parameter decreases and the value of the music prior parameter increases since
he energy level of the music signal is decreased.

.2. Speech–speech separation

In this experiment, we used the proposed regularized NMF algorithm to separate a male speech signal from a
ackground female speech signal. Our main goal was to get a clean male speech signal from a mixture of male and
emale speech signals. We simulated our algorithm on a collection of male and female speech signals using the TIMIT
atabase. For the training speech data, we used around 550 utterances from multiple male and female speakers from
he training data of the TIMIT database. The validation and test data were formed using the TIMIT test data by adding
0 different female speech files to the 20 different male speech files at a different male-to-female ratio (MFR) values
n dB. For each MFR value, we obtained 10 utterances for each test and validation set. We trained 32 basis vectors
or each source, which makes the size of each matrix B(male) and B(female) to be 257× 32. The number of the GMM
omponents K is also 16 in this experiment.

Table 4 shows the signal to noise ratio of the separated male speech signal using KL–NMF. In the second column
here no prior is used, the regularization parameters in training and testing are all equal to zero. For the third and

ourth columns, the training regularization parameters αtrain = 0.001 for both sources, and indicated values for the
egularization parameters are used in testing.
Table 5 shows the results of using IS–NMF with different values of the regularization parameters α(male), α(female),
nd αtrain = 0.001 for third and fourth columns.

able 5
NR in dB for the male speech signal for speech–speech separation using regularized IS–NMF with different values of the regularization parameters
(male) and α(female).

FR α(male) = 0 α(male) = 1.5 Best found values

B α(female) = 0 α(female) = 1.5 α(male) α(female)

5 1.59 1.63 1.66 1.5 1
0 3.23 3.29 3.45 1.5 5
5 4.22 4.36 5.64 0.1 10
0 4.89 5.13 9.59 0.001 104

5 5.15 5.74 14.29 0.001 104

0 5.34 5.84 18.04 0.001 104
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We can see from all tables that, comparing with no prior case, incorporating statistical prior information with NMF
improves the performance of the separation algorithm. We also observe that, our proposed algorithm improves the
performance of NMF regardless of the application and the used NMF cost function. In addition we found that, the
same trained GMM prior model works for a wide range of energy levels avoiding the need to train different GMM
model for each different energy level.

6.3. Comparison with conjugate prior

In this section we are trying to compare our proposed method of using GMM as a prior on the solution of NMF
with the conjugate prior models for the case of KL–NMF. Instead of using GMM as a prior for the solution of the gains
matrix during the separation process, the conjugate prior model is used as a prior for the gains matrix in this section.
The probabilistic conjugate prior model for the solution of the gains matrix G for KL–NMF is the Gamma distribution
as shown in Canny (2004). The probability distribution function (pdf) of the Gamma distribution with parameters a
and b of a random variable x is defined as follows:

p(x) = xa−1e−(x/b)

ba�(a)
, (45)

where �(a) is the gamma function. The parameter a is known as the shape parameter and b is the scale parameter.
These parameters can be selected individually for each gains matrix entry. Here, we fix the values for the parameters
a and b for all entries of the gains matrix for each source. The update rule of the solution of the gains matrix in the
separation stage that solve the cost function in Eq. (34) with Gamma prior is defined as follows (Canny, 2004):

G← G⊗ BT Y
BG
+ a.1̂−1̂

G

BT 1+ 1̂
b.1̂

, (46)

where 1̂ is a matrix of ones with the same size of G, the operation a.1̂ means multiplying each entry of the matrix 1̂ with
a, and 1 is a matrix of ones with the same size of Y . When the parameter a = 1 the prior distribution is an exponential
distribution, and solving for G in the separation stage is equivalent to solving the following sparse KL–NMF problem
(Virtanen and Cemgil, 2009)

C(G) = DKL(Y ||BG)+ λ
∑
j,n

Gj,n, (47)

where the regularization parameter λ = (1/b). In this case the update rule of G in (46) can be simplified as follows
(Virtanen and Cemgil, 2009):

G← G⊗ BT Y
BG

BT 1+ λ.1̂
. (48)

We repeated the speech-music separation experiment using KL–NMF in Section 6.1 with the same number of bases
and p = 1 but using conjugate prior update rule in Eq. (46). We chose different values of the scale parameter for each
source, bs for speech and bm for music. We used the same value of the shape parameter a for both sources. We tried
different values of the parameters on the validation data and the parameter values that gave the best results were then
used on the test data. Table 6 shows the signal to noise ratio of the separated speech signal using conjugate prior models
in the case of KL–NMF with different values of the shape and scale parameters of the conjugate Gamma prior model
for each source.

Comparing the results in Table 2 with the results in Table 6 we can see that, the third column results in Table 2
are better than their corresponding results in the third column in Table 6. Comparing the best found results in the last
columns of both tables, we can see that using the GMM prior models give better results than using conjugate prior
models at most SMR cases, and conjugate prior gives better results at SMR = 20 dB. As we can see in both cases there

are many parameter values to be chosen and exact comparison cannot be achieved since we cannot test all possible
combinations of the parameters. From running many experiments, we observed that, the performance in the case of
using conjugate prior is very sensitive to small changes in the combination choices of the prior parameter values
especially the shape parameter a. For each NMF divergence cost function there is a corresponding conjugate prior
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Table 6
SNR in dB for the speech signal for speech–music separation using conjugate prior KL–NMF with different values of the prior parameters.

SMR No prior a = 1 Best found values

dB bs = bm = 104 a bs bm

−5 4.33 4.33 4.33 1 104 104

0 7.96 7.96 8.02 1 103 103

5 9.71 9.72 9.80 1 103 103

10 11.75 11.79 11.86 1 103 103

15 13.72 13.73 16.71 1.2 103 1
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0 14.09 14.11 19.45 1.1 10 1

he best found SNR values are indicated in bold numbers.

istribution that must be chosen. In case of KL–NMF the conjugate prior distribution is the Gamma distribution, in
S–NMF case the conjugate prior distribution is the inverse-Gamma pdf (Fevotte et al., 2009). The GMM prior models
an be applied regardless of the type of the NMF cost function.

. Conclusion

In this work, we introduced a new regularized NMF algorithm for single channel source separation. The energy
ndependent prior GMM was used to force the NMF solution to satisfy the statistical nature of the estimated source
ignals. The gains found in NMF solution were encouraged to increase their likelihood with the prior gain models of the
ource signals. Gaussian mixture models were used to model the log-normalized gain prior to improve the separation
esults. Our experiments indicate that the proposed approach is a promising method in single channel speech–music and
peech–speech separation using various target-to-background energy ratios and different NMF divergence functions.
s future work, we may consider the extension of our model using the Bayesian framework discussed in Section 4.3.

n addition, we plan to model the gain prior using Hidden Markov Models (HMMs), which consider the statistical and
ynamic nature of the source signals.
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